We study a two parameter family of Calabi-Yau d-fold by means of mirror symmetry. We construct mirror maps and calculate correlation functions associated with Kähler moduli in the original manifold. We find there are more complicated instanton corrections of these couplings than threefolds, which is expected to reflect families of instantons with continous parameters.
Introduction
It is a long time since the string theory attracted the attention as a candidate of the unified theory of elementary particles and their interactions. A lot of work has been devoted to the study of these theories, but it seems to be out of reach to gain fundamental understanding of them. One of the most important things is the investigation of the properties of the manifolds on which the string should be compactified. Particularlly the compactifications on Calabi-Yau manifolds have received much attention [1, 2, 3] . From the point of view of the particle physics, cohomology classes of these Calabi-Yau manifolds correspond to zero-mass fields in the low energy effective theory and these manifolds play crucial roles in deciding the features of the string theories.
Originally Calabi-Yau threefolds were introduced to provide six dimensional inner space to yield a consistent string background. However it seemed hard to investigate their properties because of the quantum corrections [4, 5] .
Recently a great progress has been achieved in understanding the properties of the moduli spaces of Calabi-Yau manifolds by the discovery of the mirror symmetry [6, 7, 8, 9, 10] . Now it has become possible to study the structure of the Kähler moduli space of the Calabi-Yau manifold to connect with the complex moduli space of its mirror manifold.
When one discusses the mirror symmetries, the (complex) dimension of the Calabi-Yau manifolds is restricted to be three because of the string theoretic applications [9, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . Nevertheless as the mathematical physics applications, generalized mirror manifold with other dimensions are of interest [22, 23, 24] . Lately one parameter family of the Calabi-Yau d-fold realized as a Fermat hypersurface embeded in a projective space of dimension (d + 1) is studied [24] . The d-point correlation functions studied there have quantum corrections and these corrections are expected to correspond to Chern classes of various parameter spaces for rational curves on Calabi-Yau manifolds. This suggests the much richer structures in higher dimensional cases.
The aim of this paper is to construct a two parameter family of the mirror manifold paired with a Calabi-Yau d-fold and to investigate their properties in order to throw some new lights upon structures of the moduli spaces.
Firstly we construct the mirror manifold by the method of the toric varieties [25, 26] .
Namely one constructs a mirror manifold as a zero locus of the Laurent polynomial in the ambient space using the information on the dual polyhedron ∆ * [22, 27, 28, 29, 30] . The deformations of the complex structures lead to the deformations of the Hodge dtructures.
The information of the Hodge structures is encoded in periods of the manifold. One can correlate the Kähler moduli space of the original manifold with complex moduli space of its mirror manifold. Using the mirror maps, we identify the d point coupling of the complex moduli on the mirror manifold with that of the Kähler moduli on the original manifold. We can calculate quantum corrections of the latter with this correspondence.
The paper is organized as follows. In section 2, we construct a mirror maifold paired with a Calabi-Yau d-fold P d+1 [2, 2, 2, · · · , 2, 2, 1, 1](2(d + 1)) in the toric language [22, 27, 28, 29, 30] . In section 3, we introduce Gel'fand, Kapranov and Zelevinsky equation system [31] and identify the Picard-Fuchs equations for the periods of the algebraic varieties. We construct mirror maps using solutions of this equation system. In section 4, the set of correlation functions associated with the complex moduli and the Kähler moduli are calculated. The former correlation functions are meromorphic functions with respect to the parameters of the manifolds and their singularities are characterized of the discriminant loci. By contrast, the latter correlation functions have quantum corrections. Also we study the Kähler cone of the original maifold. In section 5, monodromy matrices associated with the singular loci are obtained. Section 6 is devoted to conclusions and comments.
Construction of the mirror manifold
In this section, we consider a Calabi-Yau d-fold M defined by a polynomial in the weighted projective space P d+1 [2, 2, 2, · · · , 2, 2, 1, 1](2(d+1)) and construct its mirror manifold W in the recipe of the toric variety [25, 26, 22, 27, 28, 29, 30 ].
Polyhedron
We choose a lattice polyhedron ∆ to construct an ambient space. The Calabi-Yau manifold is realized by a hypersurface in this ambient space [25, 26, 28] . The lattice polyhedron ∆ is a convex hull d + 1 dimensinal rational polyhedron with vertices
in a lattice space M,
We associate to ∆ a complete rational fan Σ(∆), which is defined as the collection of (d+1−l)
We use a toric variety P ∆ associated to this fan Σ(∆) as the ambient space in order to construct a Calabi-Yau manifold. The
Both the polyhedron ∆ and the dual polyhedron ∆ * are rational polyhedrons. Inside the ∆ * , there are two integral points which describe the exceptional divisors [32, 33, 34, 35] ,
In the same way as in the previous subsection, we construct a Calabi-Yau variety W ≡ F (∆ * ) associated to the polyhedron ∆ * . The zero locus of the Laurent polynomial
The toric variety P ∆ * defined by,
is used for the ambient space. Let us introduce an etale map ϕ :
] .
Then the zero locus Z f ∆ * can be rewritten,
The set (∆, M) is a reflexive pair and the set (∆ * , N) is a dual reflexive pair. 
Periods
The structure of the moduli space of a Calabi-Yau manifold is described by giving the periods of the manifold. The period integrals of the F (∆ * ) are defined as [18, 27, 20, 21] ,
with the homology cycles
If we choose the cycle Γ,
the integral is calculated explicitly and the fundamental period Π 0 (b) =
In the next subsection, we derive a differential equation satisfied by the periods. We solve this equation to determine the periods instead of carrying out the integral on the homology cycles explicitly.
Generalized hypergeometric equation and the Picard-Fuchs equation
We will give the Picard-Fuchs equation satisfied by the period integral of the mirror manifold W ≡ F ∆ * in an efficient way [27] . Let us introduce the generalized hypergeometric system of Gel'fand, Kapranov and Zelevinsky [31] (GKZ equation) defined by a set of points
lie at the vertices of ∆ * . On the other hand, points ν * d+3 , ν * 0 lie in the interior of codimension d, zero faces of ∆ * respectively. We embed these integral points in R d+2 bȳ
Then these (d + 4) points are linear dependent in R d+2 and satisfy two linear relations,
We associate two lattice vectors l (1) , l (2) in Z d+4 to these linear relations,
Using the above things, we define differential operators,
Then the GKZ differential equation system is defined [31, 20, 21] ,
Explicitly these can be re-expressed as ,
and are also called ∆ * -hypergeometric system together [31, 28] with the equation (13) . In order to solve this system, we introduce the variables,
Then the equation (13) is satisfied automatically, and the equations (14, 15) are reduced to the following equation system,
where
and N := d + 1. In order to associate the solutions in the above system to the periods (4) defined in the section 3.1, we take the fundamental period
As is seen easily, ̟ 0 (5) satisfies an equation system,
Furthermore the periods Π 0 satisfys the equation,
Taking into account of this fact, we make the Ansatz that the period integrals Π(b) satisfy the above ∆ * -hypergeometric system and are identified with the solutions Φ(b) except that
Under this Ansatz, we identify b 0 Π(b) with the solution ̟(x, y) of the simultaneous differential equations,
and identify the Picard-Fuchs equations for the periods with the GKZ equation system.
The mirror map
In this section, we construct mirror maps t 1 , t 2 which connect the Kähler structure of the original manifold F (∆) with the complex structure of the mirror manifold F (∆ * ) by using solutions of the ∆ * -hypergeometric system.
The GKZ differential equation system has maximally unipotent monodromy [11] at a point (x, y) = (0, 0). This point (x, y) = (0, 0) corresponds to the large complex structure of the mirror manifold W ≡ F (∆ * ). We impose the condition that the large complex structure limit of the mirror manifold F (∆) matches the large radius limit of the original manifold F (∆). In order to satisfy this claim, we takes as a boundary condition of the mirror maps t 1 , t 2 the following conditions,
These transformation are translations and correspond to the modular transformation at the infinity. These maps t 1 , t 2 can be expressed by the periods
, which satisfy the GKZ equation system. Considering the boundary conditions, we can define the mirror maps
In this formula,
are solutions of the equations (22, 23) and are given as,
In the later convenience, we rewrite the maps t 1 , t 2 in the integral representation. Firstly we introduce the parameters ψ, φ,
Then the zero locus (3) becomes the following formula with a bit of rescaling of the set of variables,
With this new variables, the series (26) can be rewritten as
By the analytic continuation in the region
A complete set of solutions valid in this range is easily constructed. The set of solutions
expands the complete set of solutions. Integral representations of these solution can be represented as,
where the contour C is chosen to enclose the poles ν = −n −
terclockwise. With this basis, the mirror maps t 1 , t 2 (24,25) can be re-expressed,
When we take the contour C to enclose the poles ν = −n − r d + 1
(n + 0, 1, 2, · · ·) counterclockwise, the above formulae coincide with the representation (24,25).
The correlation functions
In this section, we calculate d-point correlation functions associated with the complex structure of mirror manifold F (∆ * ). Also we investigate the Kähler cone of the original manifold F (∆) and d-point correlation functions of cohomology classes associated with the Kähler structure.
Correlation functions associated with the complex structure
It is known that there exists a nowhere-vanishing holomorphic d-form Ω with respect to
The set (z i , g j ) are realized as linear combinations of the periods and can be written as linear combination of the solutions of the GKZ equation (22, 23) .
Now let us consider a change of the complex structure of the Calabi-Yau manifold. With the help of the Kodaira Spencer theorem, the following relations are understood,
Clearly the following equations are satisfied,
We can define d-point correlation functions κ i 1 i 2 ···i d ,
Because the sets (z n , g n ) can be expressed as linear combinations of the solutions ̟(x, y) of the GKZ equation, we can obtain the couplings κ i 1 i 2 ···i d from the information on the GKZ equation. For convenience, we define the following variables,
Then the differential operators D l (1) , D l (2) (17,18) can be rewritten as,
and the GKZ equation system is written,
The sets (z n , g n ) are linear combinations of the above solutions ̟. The W a,b satisfy the following equations,x
Using several identities derived from (44),
we calculate the d point coupling W a,b (a + b = d) up to a common overall constant factor by solving the simultaneous equation,
Thus we obtain the solutions,
.
We obtain general formula ,
Here the ∆ 1 , ∆ 2 , ∆ 3 , ∆ 4 are discriminants of the differential equation and are defined as,
The above couplings get singular when these discriminant loci vanish. In short, the singular properties of the correlation function associated with the complex structure of the F (∆ * )
are encoded in the discriminant loci of the ∆ * -hypergeometric system. Using this formula, we can calculate Kähler couplings K a,b .
We obtain the following results up to degree one,
The Kähler cone
In this subsection, we will be concerned with the Kähler moduli space of the original manifold F (∆). This space has the structure of a cone, called the Kähler cone in contrast with the structure of the complex complex moduli space of the F (∆ * ). The Kähler cone is defined by the requirement of a Kähler form on the Calabi-Yau manifold F (∆),
where S(l) (l = 1, 2, · · · , d − 1) means the l-dimensional homologically nontrivial hypersurfaces in F (∆). The above requirement are translated into the toric language [32, 20, 21] .
Firstly let us consider the new polyhedron∆ * := (1, ∆ * ) in R d+2 . We decompose the polyhedron∆ * into simplices. When we take a (d + 2) dimensional simplex σ, an arbitrary point v ∈ σ can be written as,
are the vertices of the σ and the subset of the {ν * 0 ,ν * 1 , · · · ,ν * N +2 }. A piecewise linear function u is determined by giving a real value u i ∈ R for each vertex ν * i ∈∆ * . Then the piecewise linear function u takes the value for the point v ∈ σ,
Equivalently, one can define this piecewise linear function by associating a vector
where * , * is the Euclidean inner product. Out of the piecewise linear functions, strictly convex piecewise linear functions defined by,
play an important role. The strictly convex piecewise linear functions constitute a cone in the following quotient space V ,
where the symbol "∼" means the relations between the vectors eν *
In the context of the toric variety, this cone can be identified with the Kähler cone of P ∆ [25, 28, 29, 20] . By means of this method, we can get the Kähler cone of F (∆). If we take
then the vector z σ can be written,
The conditions of the strict convexity on u reads
Also the relations (50) are written down explicitly,
Then the generic element K u in V can be expressed as,
with the conditions,
In the above formulae, l (1) , l (2) are vectors defined in (7, 8) 
From the results in the previous subsection, the Kähler cone K u is also written,
Recall the asymptotic behaviour of the mirror maps in the large radius limit,
We impose the asymptotic relations of the piecewise linear function u,
With this Ansatz , one can rewrite the Kähler cone K u ,
by introducing some constantsc 1 andc 2 . In short, we get the correspondence between the mirror maps t 1 , t 2 and the variablest 1 ,t 2 associated with cohomology basis in
We put the conjecture that the series expansion of the correlation functions with respect to the parameters q j = exp(2πit j ) (j = 1, 2) should have the integral coefficients. Considering the asymptotic behaviours oft 1 ,t 2 ,
we may choosec 1 = 1/(d + 1) ,c 2 = −1 naturally. Then we obtain the relations,
and determine the Kähler cone σ(K) as
Collecting all the above results, we can define the d point correlation functions associated with thet 1 ,t 2 ,
are symmetric completely under the permutations of any two indices and defined as,
There are useful equations one can derive from the integral representation of the mirror maps (41,43) in section 3.3.
It follows that, −1
where the progressionf n is defined by the recurrence relation,
We can solve the simultaneous equation (54,55) iteratively and can express where t ≡t 1 and s ≡t 2 . The classical parts of these five point correlation functions can be interpreted as the intersections of some divisors. Firstly we consider a divisor L, which is defined by a surface of degree 2(d+1) in P d+1 [2, 2, 2, · · · , 2, 2, 1](2(d+1)) with one parameter λ,
Because any two distinct elements of the linear system |L| are disjoint, we obtain L · L = 0.
Secondly we take a linear system |H|, which is generated by degree 2 polynomials. This linear system is written as
where E is the exceptional divisor. Because the variables
we express these d variables as some quadratic homogeneous polynomials in z d+1 and z d+2 
we can calculate intersection numbers of the divisors H and L,
Note the following equations,
we obtain the classical parts of the five point correlation functions in the 5 dimensinal case, These numbers coincide with the intersection numbers up to a common overall factor 12. As for the corrections in the couplings, these are not understood in the geometrical terms yet.
The monodromy
In this section, we study monodromy transformations and give monodromy matrices.
The 4. When the parameters φ and ψ tend to infinity, one gets a singular fold (C ∞ ),
The group G is characterized by its elements g ∈ G,
,
. This group G acts on the parameter
If one rotates the values of the parameters (ψ, φ) around the special values defined in 1.,2.,3.,4. analytically, homology cycles γ i of the variety {p = 0} /G turn into linear combinations of other homology cycles j c ij γ j . As a consequence, the periods also change into linear combinations of others. The matrices associated with this linear transformations are called monodromy matrices and contain geometrical information. Recall the discriminant loci ∆ 1 , ∆ 2 , ∆ 3 and ∆ 4 in section 4.1. These can be rewritten as
The zero loci of ∆ 1 are φ + 2 d ψ d+1 = ±1 and associate with the case 1. Secondly the zero loci of ∆ 2 are φ = ±1 and correspond to the case 2. Thirdly the discriminant ∆ 3 =x is the fixed point of the transformation (56). Lastly the discriminant ∆ 4 have zero at φ = ∞ and corresponds to the case 4.
Monodromy matrices
In this subsection, we treat the monodromy matrices of the fivefold. In order to obtain the monodromy matrices, let us take a basis v of the periods,
Firstly we consider the conifold singularity along the locus φ + 2 5 ψ 6 = 1. By means of the same argument made in [9] , it can be understood that the periods have the structure,
where the f j is an analytic functions in the neighbour of this singular point and the c j are some constant coefficients. The monodromy transformation T of this singularity acts on the periods,
We obtain the coefficients c j , The monodromy matrix T associated with T are found, be interpreted as the numbers of these curves. As already indicated for the one parameter models [24] , there are families of rational curves in higher (≥ 4) dimensions. So our results seem to reflect families of instantons with continuous parameters more manifestly than cases of the one parameter models and it is expected to be interpreted as intersection numbers of some Chern class with Kähler forms.
